QUESTION
The matrices A and B are defined to be

4 11 1 1 4
A=11 41 B=|1411].
1 1 4 4 11

(a) Compute the determinants of each of the matrices A, B,a + B, AB.

(b) Find the eigenvalues for the matrix A (you are NOT required to find the
eigenvectors). [Hint: Use row reduction to simplify the computation. |

(c¢) The matrix B has three distinct eigenvalues. Compute them and find,
and normalise the corresponding eigenvectors. Verify that these vectors
form an orthonormal system.

ANSWER

(a)
4
1

41 11 1
det(A):4‘1 4‘—‘1 4‘+‘1 ‘:4.15—4+1+1—4:54

det(B) = —1det(A) = —54 since B is obtained by switching rows 1

and 3.
2 2 95

det(A+B)=1]2 8 2 |=0since row 1=row 3
5 2 5

det(AB) = det(A)

[oW

et(B) = —(54)% = —2916
(b) The eigenvalues satisfy |A — AI| =0

4 — )\ 1 1 6—X 6—-X 6— X\
1 4 — )\ 1 = 1 4—\ 1
1 1 4—\ 1 1 4 — A
1 1 1
= 6-N)|1 4-x 1
1 1 4— X\
0 N—3 0
= 6-N)|1 4-x 1
1 1 4 — )\




A =3,3,6.
(c)

A= \| = 1 4-x 1

so A=06,3,—3.

For the eigenvectors,

BT

dr+y+4z | 4+y+42=0
r+T7y+2=0| 4 +28y+42=0

1

—1

2Ty =0y =0, x = —z so putting z = 1, ( 0 ) which normalises to

Sl

)

—2x+y+42=0 —2r4+y+42=0
r+y+2z=0 —2r—2y—22=0

2

}3y+6z:0



1

so putting z = 1,y = =2 = z = 1, —2 | which normalises to
1
1
1 =2 |=v
\/5 2
1
A=6
-5 1 4 x 0
1 -2 1 y |=120
4 1 =5 z 0
—Sr+y+4z=0 —dx +y +4z
x—2y—|—z} -5z + 10y — 52 }Ox Yy + 92
1
y=zsoputtingy =1,2=1= 2 =1, 1 | which normalises to
1
1
% 1 = V3
1
! (1.1+0+1.—-1)=0
1-V2 4P
1
Vivy = %(1.14—0.1—1——1.1) =0
1
Vo.V3y = —(11—21+11)

V18

So the vectors do form an orthonormal system.



