Question
Find WKB solutions for x = O(1), k — +oo

1 1
y"—l—(k’+———x2)y:0

2 4
Answer |1
y”+<k+§—za:2)y—0, r=0(1), k— +o0
Try ansatz

y ~ exp{go(k)to() + g1 (k)a (k) + - -}

{g-(k)} form asmyptotic sequence as k — oo

{t(x)} = O(1) for z = O(1), k — o0

Yy ~ (905 + 9101 + ) exp{gotho + g1th1 + - -}

y" ~ (905 + 1)y + - +) + (9o + g1y +--+)?) x exp{gotho + 11 + -}
Substitute into equation and simplify
(901/13+911/Ji/+"')+(90¢6+91¢1+"')2+k+%—iﬁzzo

Now by asymptotic sequence property, we can assume that dominant be-
haviour is given by

1 1
govy + G2 + 2909191 +h + 3~ Z$2 =0

Jog1 = 0(93)
SO

1 1
gt + gavh’ +k + 5~ Z$2 =0
—_— N
assume go = o(g2) x=o(k), 1=0(k)as k — oo x=0(1)
SO
gy’ =~k = go= V&,

62 =—1put =/ ambiguities into g for convenience

o = i
Yyix + const absorb the constant into the exponential prefactor
Thus we return to the above equation:

11
\/E-O—k:+2\/Egl(i¢)zp1+k:+§—1x2:0

. 1 1
+2i\/ kg1 = —3 + 1x2
To obtain balance at O(k?) we therefore need
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1 1
/ . I T2
1 1= i%(2+4$
g =k"2 = b = 1 x+x3
7 o949i\ 271

Next order balance is given by:

—0
(907»/10 +g1pf + )+ (29091¢01¢1 ‘|’129092¢0¢2 )
+(ggv +9%7/11 ---)+k+§—1x =0
2/
! 1 1
0 = koFroctag 4 oy + okbgaiguh + ko + Uk k42— 107
—~

must be negligible at O(k™2)
Balance at O(k~2) only if

0= K504 + a0y
= g2 = + andO::F%xi%w;

k
x x? . :
= Yy = 3 = Py = 16 + const absorb the constant into the exponential
prefactor
etc...

Drawing this together we see:

Y ~ Aexp{+zx\/—+ ( —%)
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