Question
Show that the small € expansion of the roots of

2~ (B34+e)r—24+e=0

are given by

1
2+ ge O(e?)

= [2

Sketch the behaviour of the roots as ¢ — 07.

Answer

3 —(3ye)r—2+e=0

Pute=0

2® — 32 — 2 =0 — obvious root z = —1
Therefore

(x+1)(z+1)(xz—2) = 0
Therefore 2 degenerate roots at ¢ = 0 so try
© =9 +e2x1 + O(e) to capture these.
Other root is regular so can use z = g + ez + O(g?).
Substitute:
[z + 221 + O]} — (B+¢&)(xo + 22 + O(e)) =2+ =0
23 4 3x2x1e7 — 30 — 32122 — 24 O(e) = 0
Balance at
O(e%) : 23 —3xg —2 =0 = z¢p = —1 twice as above (and 2 but this gives
regular root)
O(gé) : 39(;3:51 —3r1=0=0---2:=0, 27 =7
Can’t find x; at this order. Need to go to O(e).
After more algebra:
O(g) : 1 — xo + 3239 — 379 + 37027 =0

2 _ . =
(x+1)(2* — 2 —2) 0 } so r = —1 twice and 2

2
=2-32=0=u1 = i\/;. (x5 got from O(e?) ete.)

2
Therefore degenerate root splits as: x = —1 =+ Ug + O(e)

Other root: = = xg + ex1 + O(&?)
[T+ 11+ O(E?)]P — (B+¢)(wg+ex; +O(?) =24+ =0
T3+ 3wdrie — 3wg — 31 —exg — 2+ e+ O(e?) =0

1



Balance at:
O(£%) : 23 — 329 — 2 = 0 — roots as above, pick zg = 2

1
0(51):33:(2)3:1—3x1—$0+1:O—>x0:2:>9x1—1:0:>a:1:§

1
so root is # = 2+ —¢ + O(g?)

9
e—0" =~—-1+ 23—5 ~24,/5
—e F—e— F—e—
-1 0 2



