Question
Show that the roots of 1+ (4—e)z3+(6—2¢) x>+ (4+¢)x?+ (4+e)z+1—e*> = 0
have the form

r=-—1+ (ZE)ie”@njn +0 (E%) ,n=1223.4 ¢—0.

Answer

t+ (4—e)rd +x(6+2e)2* + (d+e)z+1—e2=0

Put e =0: 2* + 423+ 622 +40+1=0

Pascal’s Triangle should come to mind (look at 1,4,6,4,1 pattern).
Thus we have (x + 1)* =0 i.e., x = —1 four times degeneracy.

So try ansatz

T = T9+ xlsi + 1’25% + 0(5%)

and substitute.
[0 + 2187 + 2922 + O(e1)]* + (4 — &) (g + 321 + e229 + O(e1)?
+(642¢) (woteim+e2294+0(e1))2+ (44¢) (wo+ei+e2ao+O(e1)+1—2 =0
4 3., .1 2,.2_ 1 3., % 3

xy + Axgriet + 6xiaie? + dapraez + O(et)
+(4 — &) (2 + 3x2eixy + 3woera? + 3uderzy 4 O
(6 4 2¢) (22 + 2wor167 + 2m0T22 + £223 4+ O(ed
+(4+e)(wo+eixy +ezay+ O(e))
+1 — g2
Balance at
O(€%) : zd + 4x3 + 622 + 429 + 1 = 0 = roots —1(x4) as above
O(e3) : 4adxy + 122221 + 122021 4 421 = put axe = —1 and see
0 = —4x; + 1221 — 1221 + 4x1. Therefore no information on x;. Must go to
O(e2).
O(e2) : 62222 + dadxy + 12x0x% + 122215 + 12207 + 429 4 622 = 0
1o = —1 = 622 — 4wy — 1222 + 1229 — 1225 + 425 + 622 = 0
0=0"
What’s happening? It’s just an extreme version of what we have met before:
degenerate roots lead to extra work in the sense that you have to go to higher
orders. In fact 0(5%) also leads to 0=0. Only when you get to O(g) can you
get: 2+ 2t =0 =z = 21 7D,
Thus # = —1 + 2™ 4 ef + O(e}), n=0,1,2,3
To check this just substitute back into equation and observe the cancellations
up to O(e1).
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