
QUESTION Test 1 The characteristic equation of any matrix A can be
written

λn
− c1λ

n−1 + c2λ
n−2

− . . .+ (−1)ncn = 0. (1)

If all cr are positive then all solutions λ are positive.

(This is easy to prove: if λ = α < 0 is a root then substituting α = −β

(where β > 0) into (1) gives (−1)n × a sum of strictly positive terms, so this
cannot be zero.)

Definition If A is an n×n matrix then the following submatrices are called
its principal submatrices:
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Test 2 A symmetric matrix A is positive definite if and only if each of its
principal submatrices (including A itself) has positive determinant.

Use each of the two tests above to show that one of the following matrices is
positive definite but the other is not. To what type of form does the other
matrix correspond?
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3 −1 0
−1 2 −1
0 −1 3
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1 2 1
2 1 1
1 1 3
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For each of the following quadratic forms, use eigenvalues and eigenvectors
to rotate the axes in order to identify what type of conic it represents.

(a) 9x2
− 4xy + 6y2

− 10x− 20y − 5 = 0,
(b) 3x2

− 8xy − 12y2
− 30x− 64y = 0,

(c) 4x2
− 20xy + 25y2

− 15x− 6y = 0,
(d) 9x2 + 12xy + 4y2

− 52 = 0.
ANSWER−λ3+8λ2

−19λ+12 = 0 has coefficients which alternate in sign; the
principal subdeterminants are 3,5 and 12. So the quadratic form is positive
definite. −λ3 + 5λ62− λ− 7 = 0 does not have coefficients which alternate
in sign; the principal subdeterminants are 1,-3 and -7. So the quadratic form
is not positive definite, it is indefinite.
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