Question
Use the method of reduction of order to obtain a second solution to each of
the following equations using the given solution 1,

(a) ¥ —4y' +5y=0,  y =e*sinz,
(b) (22 +1)y" + 22y =0, y1 = ¢, a constant,

(c) 23%y" + 32%y" + xy/ — 8y = 0, Y = o2

Answer

(a) v — 4y + 5y =0, Y1 = e**sinz
P(z) = —4 so exp/ —Pdx = e**

1 1
and —2exp/ —Pdr = —5—
Yy sin”
1
v o= / w2 €4m dx
e** s x
/ dx
sin?
= csclxdx
= —cotx
Therefore 1, = vy; = —e?* cosx is a second solution.

The General solution is

y = —e**(Acosz + Bsinw).

(b) (z*+1)y" + 2zy’ =0, Y1 = ¢, a constant,

2
Therefore P(z) = % SO
x
2z
_Pdr = / - d

exp/ T exp P
= exp(—In(z* + 1))
B 1
o241



1 1 .
Thus 7 exp/—qu: = a7 taking (c = 1)

dx

and v = /7 = arctan x
x?+1

So 1y, = vy; = arctanx is a second solution.

The general solution is

y= A+ B arctanx

(C) :L‘S " + 3ZE2 1 + xy’ _ 8y =0 (1)
Let y; = 2? and y =y, = 2%
y = 2zv+4 2%
"= u+dav + 2?0

mo_ 61}’—!—6231)”4—.%2’0/”

Substituting in (1) gives
5 ///—|-9£IJ4 //+ 191_30/ — O
Let w = v then

z*w” + 9w’ + 19w = 0 (2)
This is an Euler type equation.
Try w = 2P. Substituting in (2) gives

(plp—1)4+9p+19) = 0
=p°+8+19 = 0

=p = —4+3i
w o= piEVe
=0 = gV
Sov = Cg 3V
Now:
3+\[z — x\/g -7 36\[zlnm

= 273(cos(v/3Inx) +isin(v/3Inz))

Hence the real v is given by



v=1a"" <A cos(v3Inz) + Bsin(v/31n x))
and yo = y1v = 2?v =17 ! (A cos(v31Inx) + Bsin(v/31n x))

So the general solution is

y=a" (A cos(\/gln x)+ B sin(\/gln x)) + Oz



