Question
Consider van der Pol’s equation

' +u=¢e(l—u*u, e — 0"
u(0) =2, ¥ (0) =0

Show that substitution of the regular ansatz

u(z;e) = ug(z) + euy (z) + O(e?)

leads to a perturbation solution for finite x,

5 :
u(z;e) =2cosx +¢ (Zsinx— 5 ) + O(?)

Answer

v +u=¢e(l—-u?)e e— 0" u0)=2, v(0)=0.

Substitute u(x;e) = up(x) + cui(z) + O(3) 7777

uf +euy” + up + euy + 0(e?) = e(1 — ud — ®uy — 2upuie + O(e?)) x (ufy +
euy + O(e?))

Collect terms of O(g°) and O(e')

O(€% 1 uy” +up =0 = ug = Asinx + Beosz

Boundary conditions: u(0) = 2, u(0) =0

= A=0, B=2= uy=2cosz

O(e) : ur;;+up = up(1 — ud)

ug = 2cosz, uy = —2sinx = RHS = —2sinz(1 — 4 cos? )
= —2sinz(1 — 4 + 4sin’x)
But 4sin®z — 3sinz = —sin3z{ = —2sinx (-3 + 4sin’z)

= —2(4sin® x — 3sinx)
Therefore u,"” + u; = +2sin3z (A)
CF ., CF" CF
_ , CF PI uyt tuyt +upt =0
e ul?: ul! = C'sin3x + D cos 3x
By substituting in (A):
—9Csin3x — 9D cos3x + C'sin 3z + D cos 3z = 2sin 3x
= —8C siri 3x — 8D cos 3x = 2sin 3z
and u§f' = Esinz + Dcosx

1
Therefore u; = Esinxz + D cosx — 1 sin 3x

Boundary conditions:
u1(0) = ¢} (0) = 0 (from perturbation of boundary conditions) = D =0

1



u;(0) = Ecos0 — %COSO = F =

w
=~ w

in 3
Therefore u(x;e) ~ 2cosx + ¢ (Z iz — Sln2 x)



