
QUESTION
Let S behave lognormally such that ds = S(µdt + σdW ). Write down Itô’s
lemma for a general (deterministic) f(S). Hence find the stochastic differen-
tial equations satisfied by:

(i) f(S) = As+B;

(ii) g(S) = Sn,

where A, B, n are constants.
ANSWER

ds = S(µdt+ σdw)

df =
∂f

∂S
ds+

1

2

∂2f

ds2
(ds)2 no time dependence

df =
∂f

∂S
(Sµdt+ Sσdw) +

1

2

∂2f

∂S2
(S2(µdt+ σdw)2)

= f ′Sµdt+ f ′Sσdw +
1

2
f ′′S2(µ(dt)2 + 2µdtdwσ + σ2(dw)2)

But rule of thumb ⇒ (dt)2 = 0, (dtdw) =) (i.e. negligible with respect to
dt,) and(dw)2 = dt. Therefore

df = f ′Sµdt+ f ′Sσdw +
1

”
f ′′S2σ2dt

or df = f ′Sσdw + (f ′Sµ+
1

2
f ′′S2σ2)dt

(i)

f(S) = As+B, f ′ = A, f ′′ = 0, As = f −B

df = Asσdw + Asµdt

df = (f −B)[σdw + µdt]

(ii)

g(S) = Sn
⇒ g′ = nsn−1, g′′ = n(n− 1)Sn−2

dg = nsn−1.Sσdw +

[

nsn−1Sµ+
n(n− 1)Sn−2S2σ2

2

]

dt

dg = g

[

nσdw +

(

nµ+
n(n− 1)

2
σ2

)

dt

]

as g = Sn

or dg = ng

[

σdw +

(

µ+
(n− 1)

2
σ2

)

dt

]
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