QUESTION

Let S behave lognormally such that ds = S(udt + odW). Write down Ito’s
lemma for a general (deterministic) f(.S). Hence find the stochastic differen-
tial equations satisfied by:

(i) f(5) = As+ B;
(ii) g(5) = 5",

where A, B, n are constants.

ANSWER
ds = S(pdt + odw)
o, 1,
df = %ds + 5@@8) no time dependence
_of 10%*f , , )
df = %(Sudt + Sodw) + 5@(5 (pdt + odw)?)

1
= f'Sudt + f'Sodw + §f”5’2(u(dt)2 + 2udtdweo + o (dw)?)

But rule of thumb = (dt)* = 0, (dtdw) =) (i.e. negligible with respect to
dt,) and(dw)? = dt. Therefore

df = f'Sudt+ f'Sodw + %f”SQUZdt
1
ordf = f'Sodw+ (f'Su+ 3 f"S%c%)dt

(i)

f(S) = As+B, f'=A, ["=0, As=f—-B
Asodw + Aspdt
df = (f— B)[odw + udt]
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(ii)
g(S) = S"=g¢ =ns"" ¢ =nn-1)85""?
_1)§n262,42
(n );S‘ S?o ]dt

dg = ns"'.Sodw + [ns"‘lS,u + 2

(n—1)

dg = g[nadw—l—(nu—%n 5 02> dt] as g = S"
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ordg = ng [adw + (u + %(ﬂ) dt]



