
Question
Suppose that the joint pdf of X and Y is as follows:

f(x, y) =

{

15
4
x2 if 0 ≤ y ≤ 1− x2

0 otherwise

(a) Determine the marginal pdf’s of X and Y . Are X and Y independent?

(b) Find the conditional pdf of Y given that X = x.

(c) Find E(Y |X = x).

Answer

f(x, y) =
15

4
x2, 0 ≤ y ≤ 1− x2

(a) First check that its a pdf

∫ ∫

0≤y≤1−x2

15

4
x2 dy dx

=
15

4

∫ 1

−1
x2 dx

∫ 1−x2

0
dy

=
15

4

∫ 1

−1
x2(1− x2) dx = 1

fX(x) =
15

4
x2(1− x2), −1 ≤ x ≤ 1

fY (y) =
15

4

∫

√
1−y

−
√

1−y
x2 dx =

5

2
(1− y)

3

2 , 0 < y < 1

Since

1− x2 ≥ y

⇒ x2 ≤ 1− y

⇒ −
√

1− y ≤ x ≤
√

1− y

X and Y are not independent.

(b)

f(y|X = x) =
f(x, y)

fX(x)
=

15

4
x2 ·

1
15
4
x2(1− x2)

=
1

1− x2
, 0 ≤ y ≤ 1− x2.

Y |X = x ∼ Uniform(0, 1− x2) where − 1 ≤ x ≤ 1
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(c) E(Y |X = x) =
1− x2

2
where −1 ≤ x ≤ 1.

2


