QUESTION

(a) State the Duality Theorem of linear programming and use it to prove
the Theorem of Complementary Slackness.

(b) Use duality theory to determine whether x; = 3, x5 =0, 23 = 0, 4 = 2,
is an optimal solution of the linear programming problem

maximize 2z = 10xy — 1329 + 25235+ 24
subject to x1 >0, 29 >0, 23 > 0, x4 > 0,
45171 — 3£L’2 + 7513'3 + 2513‘4 <16
521 4+ 629 + 23 +4xy < 24
21‘1 + 21‘2 — 35(]3 + 55(34 = 16.

Does your conclusion remain the same if the objective is changed to
maximize 2’ = 10z, — 1229 + 2225 + 24
but the constraints are unaltered?

(c) Consider a linear programming problem having constraints of the form

x; >0 fori=1,...,n
n

Zaijxj = bz for ¢ = 1, 2.
=1

An alternative linear programming problem is identical, except that
the last constraint is replaced by

Z (a;j + agj)xj = by + by
7j=1

i.e., the first equation is added to the second, which yields an equiva-
lent problem. Given that these two linear programming problems have
optimal solutions, analyze how the optimal values of the dual variables
of the two problems are related.

ANSWER
(a) The duality theorem states that:

e if the primal problem has an optimal solution, then so has the
dual, and zp = zp;



e if the primal problem is unbounded, then the dual is infeasible;

e if the primal problem is infeasible, then the dual is either infeasible
or unbounded.

Consider the following primal and dual problems

Maximize zp =c’x Minimize zp =bly
subject to x>0, >0 subjectto y>0,t>0
Ax+s=Db ATy —t=c

For optimal solutions, complementary slackness states that y;s; = 0 (i =
1,...,771), tjxj =0 (jI 1,...,71).

For feasible solutions of the primal and the dual, we have ¢; =1,...,n

zp=cx=(y'A—tHx=y"(b—s)—tle=2p —y's—t’
For an optimal solution of the primal and dual, zp = zp so

yls+tTx =0

Since variables are non-negative this implies that

Y;iS; — 0221,,m

thL'j = 0]21,,71

(b) If s1, so are slack variables for the first two constraints then s; = 0, sy =
1 for the proposed solution.

The dual problem is

minimize zq = 16y; + 24y, + 16y3
subject to y1 >0,y >0
4y1 + 5y2 + 2y3 —t, =10
—3y1 + 6y2 + 2y3 — o = —13
Ty1 +y2 — 3ys —tz3 = 25
2010 +4ya +0ys —ty =1
for slack variables t; > 0, t5 >0, t3 >0, t, > 0.

If the proposed solution is optimal, then we can use complementary
slackness to obtain



t1=0,1t4=0, yo=0

The first and last dual constraints become

4y1—|—2y3 = 10
2y1 +5ys = 1

Solving yields y; = 3, y3 = —1 and we obtain t, = 2,t3 = —1.
We require that t3 > 0, so the solution is not optimal.

For the modified objective, computations are the same, except that
to = 1,t3 = 2, so the dual solution is feasible.

Since z = 32 = zp, both solutions are optimal.

(c) Let the rows of the two original constraints be a;7T’, al.
The original problem is of the form
Maximize c¢’x
subject to alx = b,
alx=b, x>0
The dual is
Minimize  b1y; + bayo
subject to ( ap as ) < 9 ) >c
Y2
The dual of the alternative problem is

Minimize blyll + (bl + bg)yé
/
subject to ( a; a;+a ) ( y,l ) >c
Ya

Clearly the values vy = y2 ¥} = y1 — y2 give the same objective function
value and left-hand side of the constraints



