Question
By explicitly expanding the following two determinants, prove the rule that
the sign of a 3 x 3 determinant is changed by exchanging two rows:

aq bl C1 Q9 bz Cy
det M1 = | Q2 b2 Co det Mz = | ax b1 C1
as bg C3 as b3 C3
Answer
aq bl C1
det(ml) = (05} bg Co
as b3 C3
Using minors, expanding by the 1st row
and remembering the + — 4 sign pattern.
b2 Co a9 Co a2 bZ
= —-b +c
! bz c3 1 as C3 ! asz bz
= a (bgCg — b3C2) — bl (CZQCg — agCg) + C1 (agbg — &362) (1)
(05} b2 Co
det(m2) = aq b1 C1
as b3 C3

Using minors, expanding by the 1st row
and remembering the + — + sign pattern.

a; by
as bs

by
g a,2
bs c3

= az(blcg — bgcl) — bg(&lcg - ClgCl) + 02(a1b3 — agbl) (2)

ay €
a3

— bg —|—CQ

Now compare (1) and (2)

Expand (1)
detm1 = (1) = a1b203 — a16302 — agblcg + a3b102 + CLngCl — (l3b201
detm2 = (2) = —a1b203 + a16302 + a26103 — agblcg — a2b301 + a3b201

ie., (1) = —(2) or detmy = detms.
Since all the a}s, b} c|.s are arbitrary. This rule holds for all 3 x 3 determi-
nants. Hence if you exchange two rows the sign changes.



