
Question

Let R[0, 1] be the set of Riemann-integrable functions over [0,1]. Find a
sequence of functions {fn}, fn : [0, 1] → R, with the properties

i) there exists f : [0, 1] → R, for all xε[0, 1], lim
n→∞

fn(x) = f(x)

ii) there exists MεR, for all nεN, for all xε[0, 1], |fn(x)| ≤M

iii) for all xε[0, 1] |f(x)| ≤M

iv) for all nεN, fnεR[0, 1]

v) f 6 εR[0, 1]

and summarise these properties in words.

Answer

Let r1, r2 · · · be an enumeration of the rationals in [0, 1].

Let fn(x) =

{

1 if x = r1, r2, · · · rn

0 otherwise
This provides the required example of a uniformly bounded sequence of Rie-
mann integrable functions converging to a non-Riemann integrable function.
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