Question

(i) Using tensorial notation, or otherwise, prove the vector identities
V.(¢a) = ¢V.a + (a.V)¢

V x (Vxa)=-V?a+V(V.a)
ax (Vxa)=V(/2) —(aV)a

for a general suitably differentiable scalar function ¢ and vector a.

(ii) Explain briefly the major differences between the 'Eulerian’ and 'La-
grangian’ descriptions of flow. What does it mean to say that a fluid
flow is 'steady’? For a fluid flow with velocity ¢ define w, the vorticity,
and give the condition that the flow is irrotational.

(iii) YOU MAY ASSUME that the Navier-Stokes equations for an unsteady
viscous flow are given by

1
q,+(qV)g = —;VQJrl/VQg—FE
Vgq =0

where p denotes the (constant) density, v the (constant) kinematic
viscosity, p the pressure and F' the body force. Show that for an inviscid
irrotational flow with a conservative body force the quantity

1
O + §|Q|2 +x

is a function of time alone, identifying the quantities ¢ and y. Show
also that for a steady (but not necessarily irrotational) inviscid flow the
quantity

p 1
=+ Sla* +x
p 2

is constant along both streamlines and vortex lines in the flow.
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div(pa) = %(¢aj) = o aj + ¢87x]
= (a.V)¢ + ¢div(a)
b, 0 0
Vx(Vxa)= Eijkach(V X @)y = Ez’jkai%ekpqai%aq
aQa 82a 820/
= eijkekpqm = Ekijekpq_ax a; - (5ip6jq - 5j 5“1)81,(‘);
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_ . _ ) e

0
ax (V xa)=e¢ijka;(V X a), = Eijkajekpqa—iq
P

dag, Ja,

= €xijerpalli - = (Gipdjq — 0; 5v:q)aj(97
p P
. ‘ 1
da; da; V(ia?) - (aV)a

= U5 Yom, VG

(i) EULERIAN: We try to find the fluid velocity ¢ as a function of z and
t. Attention is focussed on a particular position in the flow rather than
on a particular fluid particle.

LAGRANGIAN: We try to find the fluid motion z as a function of
X and t, where X denotes the positions of fluid particles at t = 0.
Attention is focussed on a given fluid particle following the flow.

A flow is STEADY if ¢ does not depend on t.
If a flow has velocity ¢ then w = curl(q)
For IRROTATIONAL FLOW w =0

(iii) We have

1
q, + (¢.V)q = —;Vp + I/V2g +F, V.g=0

For irrotational flow, define ¢ = V¢ and for a conservative body force
define £' = —V1. Then

(Vo) + (¢.V)g = =V (%) — V4 since the fluid is inviscid and p is

constant.



2

:>(qu)t+v<%>:gx(ng)+V(§)+V(¢):O
But V x ¢=0so

V(g + %gz + % + 1) = 0. The quantity in brackets is independent of
x,y and z and thus

1
b+ Glal 7+ 0= 1(2) only

(¢ =velocity potential, 1) = force potential)

For a steady inviscid flow (¢.V)q = =V (p/p) — V¢
= V(¢*/2) — ¢ x (V x q) = =V(p/p) = V()

=g xw=V(@/2+p/p+ V)

Thence ¢.(¢ X w) = 0= (¢.V)(¢*/2+p/p+ ) and so p/p+ 3|q|* + ¥
is constant along streamlines in the flow.

Also w.(¢ x w) = 0 and so

¢?/2+p/p+ 1 is constant along vortex lines in the flow.



