
Question

Let A ⊆ Rn and B ⊆ Rm. Let m∗

n denote Lebesgue outer measure in Rn.
Show that m∗

n+m(A × B) = m∗

n(A) · m
∗

n(B) where A × B is the cartesian
product.

Answer

Let
⋃
Ri ⊇ A and

⋃
Sj ⊇ B.

Suppose m∗(A) <∞ and m∗(B) <∞
Then

⋃

ij

Ri × Sj ⊇ A×B

Choose {Ri} so that
∑
|Ri| ≤ m∗(A) + ε

Choose {Sj} so that
∑
|Sj| ≤ m∗(B) + ε

Then
∑
|Ri × Sj| =

∑
|Ri||Sj| =

∑
|Ri|

∑
|Sj|

≤ m∗(A)m∗(B) + ε1

Therefore m∗(A×B) ≤ m∗(A)m∗(B) + ε

Now cover (A×B) by Ri ⊆ Rm+n

Let Si be the projection of Ri onto Rn

Let Ti be the projection of Ri onto Rm

Then
⋃
Si ⊇ A, and

⋃
Ti ⊇ B

Choose Ri so that
∑
|Ri| ≤ m∗(A×B) + ε

m∗(A)m∗(B) ≤
∑
|Si|

∑
|Tj| =

∑
|Ri| ≤ m∗(A×B) + ε

Hence the result. Deal with infinite measure cases using σ-finiteness argu-
ments.
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